Abstract. Over the past decade or so, many private and publicly held companies have moved away from providing employees with company-funded pensions upon retirement to a retirement system that requires both employee and company contributions to fund an individual's retirement. These so-called 401(k) retirement plans usually require the employee to choose among different investment vehicles, including mutual funds, in order to allocate their retirement savings. This study presents the results of an analysis of the allocation of a lump-sum rollover of money into a typical 401(k) plan, subject to certain restrictions. The mathematics required to complete this analysis includes those topics that are typically covered in an undergraduate course in linear algebra. All of the following material was used in a sophomore-level engineering mathematics course taught at Rowan University.
Introduction.
In an effort to replace costly traditional pension plans and yet still provide a supplement for Social Security retirement income, many companies are beginning to institute 401(k) retirement plans. Essentially, a 401(k), which is so-named after its reference in the Internal Revenue Service tax code, is a companysponsored retirement plan to which employees may direct a small, tax-deferred percentage of their earned income and be eligible for company matching funds. Typically, an employee will direct up to 10% of their pay to this plan and can expect a company match of up to 5% of their pay. The employee usually has a choice among different investment vehicles, including mutual funds. A mutual fund is simply a diversified portfolio of stocks and/or bonds and/or cash (or cash equivalents) that is managed by professional money managers who select and adjust the holdings in the fund in order to maximize total return.
For the following analysis it is assumed that senior management at your company has recently decided to replace the company pension plan with a 401(k) retirement plan. They have identified four new mutual funds from which participants in the plan may purchase shares. Because he knows little about mutual funds and investing, the newly hired director of your division has tasked you with developing an asset allocation plan for the $350,000 lump-sum pension that he has just received from his former employer. Since federal tax law permits lump-sum rollovers of pension dollars M1  40  25  10  20  5   M2  25  30  30  15  0   M3  45  0  20  25  10   M4  20  20  30  5  25 into company-sponsored 401(k) retirement plans, your assignment is to research the four mutual funds that are available and determine the best investment strategy for your director's pension rollover.
Restrictions.
The following restrictions have been imposed for the completion of your analysis:
(i) You must invest all of the $350,000 of your director's pension rollover in some combination of the four newly established mutual funds that senior management has identified for the company 401(k) plan. (ii) Each of the new mutual funds has an initial share price of $10. (iii) The allocation percentages in large-capitalization stocks (L), medium-capitalization stocks (M), small-capitalization stocks (S), corporate and government bonds (B), and cash/cash equivalents (C), for each of the four mutual funds, M1, M2, M3, M4, are shown in Table 1 .
Background.
Recently, issues concerning the survivability of the Social Security Trust Fund have arisen both inside and outside the federal government. Given the current state of the fund, along with the impending retirement of a fairly substantial portion of the workforce currently paying into Social Security, some federal legislators predict that Social Security benefits may not be available beyond the year 2023. Even if legislation is passed to protect the fund from going bankrupt in the very near future, the Social Security Administration predicts that the money that an individual retiree receives from Social Security will provide approximately only 40% of the income needed during retirement. Recognizing the need to provide people alternate sources of income during their retirement years, the federal government has enacted laws over the past 10 years or so aimed at reducing a retiree's dependence on Social Security income.
Two major retirement investment vehicles that have been established as a result of this legislation are the Individual Retirement Account (IRA) and the 401(k) plan. These two retirement plans are similar in scope, with the 401(k) typically being offered and administered by one's employer and the IRA being established and maintained by the individual. Both plans allow individuals to set aside a portion of their earned income into accounts that will not be drawn on until retirement, and these amounts set aside are not included in their current federal taxable income totals. As a result, an individual is able to reduce their current federal tax burden and, at the same time, subsidize an account that they can then withdraw during their retirement years. The dollar amounts that one may contribute to a 401(k) and IRA during any one year depend, in part, on maximums that are set by federal tax law and the amount of money that one earns. Providing that earned income is below some designated amount, an individual may contribute to both an IRA and a 401(k). If earned income exceeds this maximum amount set by law, an individual may still participate in a 401(k), with reduced limits on IRA contributions. Generally speaking, the current maximum dollar amounts allowed to be contributed to an IRA and 401(k) are approximately $2000 and $10,000, respectively, although these amounts will increase slightly from year to year.
Beyond the ability to reduce one's current federal income tax burden and build a financial nest egg for the retirement years, contributing to an IRA or a 401(k) allows one the opportunity to experience what Albert Einstein called the world's most powerful force-compound interest. Simply speaking, compound interest is the phenomenon that allows an invested amount of money to increase in value over time. Depending on the particular investment made, the rate of return will vary and will ultimately determine the total amount of interest earned through compounding. Specifically, if P dollars are initially invested at an annual interest rate r that is compounded yearly, then after n years the initial investment will grow to an amount S given by the following:
Clearly, the annual interest rate, r, will play a major role in determining the amount to which the initially invested sum will grow. Generally speaking, there are three different types of investment that one can choose from when investing an initial lump sum of money: stocks, bonds, and cash. Stock is ownership in a corporation as indicated by shares that represent a portion of the corporation's assets and earnings. As a corporation's assets and earnings increase, the stock price for that corporation increases as well. Bonds are debt instruments that are issued for fixed periods of time. When an investor buys a bond, the investor is lending money that will be repaid with a specified interest. Cash is simply the total value of liquid assets of a corporation or individual. Historically, stock investments produce the greatest return on initial investment over time. Unfortunately, this greater return on investment also comes with increased investment risk. When an investor buys the stock of a company, that investor is assuming that the company will be able to grow earnings over time, making the stock worth more in the future. If the company is unable to grow earnings due to myriad external factors, then the stock may decrease in value over time. Whereas a bond investment guarantees the investor a fixed return on investment, a stock investment does not. Typically, though, the return on investment over time with a bond is less than that of a stock, due to the lower risks associated with a bond investment. Cash investments in bank accounts and the like produce the lowest return on initial investment, but these returns are usually guaranteed.
For the 50-year period from 1950-2000, an average stock investment returned 12.8% per year, an average bond investment returned 6% per year, and an average cash investment returned 5.2% per year. Even for shorter time periods of 20 or 30 years, stock investments usually return around 10% per year, with some periods returning more and some less. Using a return rate of 10% as r in (1), an initial investment, P , of $350,000 in stock will grow to $2,354,625 in 20 years and an amazing $6,107,291 in 30 years. Clearly, Einstein's observation regarding the power of compound interest was astute. Assuming an average bond investment return of 6% per year, an initial investment of $350,000 will grow to $1,122,497 in 20 years and $2,010,222 in 30 years. So, depending on both the level of risk that an investor is willing to take and the investor's age, a substantial sum of money may be available to the prudent investor at retirement.
In order to educate your new director in the general principles of investing for retirement, you provide the following list of brief definitions of the pertinent terminology (see [1] , [2] , and [3]): 403(b). Similar to a 401(k), a 403(b) can be offered only by tax-exempt organizations such as public schools, public colleges and universities, and churches.
Cash Equivalent. The value of assets that can be converted to cash immediately, including bank accounts and marketable securities that mature within 90 days. Dollar-Cost Averaging. An investing technique that consists of investing a fixed sum of money at regular time intervals, usually monthly, despite changes in the financial markets. The purpose of this strategy is to minimize risk by reducing the average cost to the investor.
Expense Ratio. The cost of investing professionally, it represents the percentage of an investment that is used to pay professional management and administrative fees.
IRA. An acronym for Individual Retirement Account, it is a tax-deferred retirement savings plan for individuals authorized by the federal government.
Market Capitalization. The total dollar value of all outstanding shares of a publicly held company, it is calculated as the product of total number of shares outstanding and the share price.
Bond. A debt security wherein the issuer agrees to pay a specified rate of interest over a specified time period.
Pension. A recurring amount of money paid, usually monthly, to a retired employee by a company, based on age, earnings, and years of service.
Share Price. Unit cost per share of a company stock, a bond, or a mutual fund.
Analysis.
Since your director will not draw on the funds in the company 401(k) for at least another 20 years, you decide to invest aggressively in stocks, which is consistent with a long-term investment approach. You decide that a 75% investment in stocks is warranted, with 30% in large-capitalization issues, 20% in mid-capitalization issues and 25% in small-capitalization issues. Furthermore, you realize that some exposure to bonds is prudent. Accordingly, you decide to allocate 15% to bonds, with the remainder of the pension money to be invested in cash/cash equivalents.
Let m i equal the number of shares of mutual fund "i" purchased, where i = 1, 2, 3, 4. In order for large-capitalization stocks to account for 30% of the portfolio, and taking into account the large-capitalization percentages for each of the new funds shown in Table 1 , we have the following:
Similarly, for medium-capitalization stocks, small-capitalization stocks, and bonds, we have the following set of equations: Since the determinant of the coefficient matrix, A, in (5) can be shown to be zero by cofactor expansion or with a computer algebra system, this implies that A is singular and, hence, A −1 does not exist. Therefore, there exist nontrivial solutions to (5). Using the Gauss elimination technique on (5) in order to find the nontrivial solutions, we have the following:
Noting that, since each new mutual fund has a $10 initial share price, m 1 + m 2 + m 3 + m 4 = 35,000, we have the following from (6):
Using (6) and (7), we compute the following number of shares of each mutual fund to be purchased: m 1 = 5000, m 2 = 12,500, m 3 = 7500, m 4 = 10,000.
At this point in your analysis, you decide to develop a general mathematical model for asset allocation, just in case your director is not happy with the percentages you have chosen above. Accordingly, you rewrite (4) to allow for arbitrary percentages for large-, medium-, and small-capitalization stocks, and bonds as follows: 
where l, m, s, and b are the percentages of large-, medium-, and small-capitalization stocks, and bonds, respectively, desired in the portfolio. Rewriting (8) in standard form, we have the following:
Now, in order for there to be nontrivial solutions to (9), the determinant of the coefficient matrix must be identically equal to zero. Using a computer algebra system to compute the determinant of the coefficient matrix in (9) and setting it equal to zero, we obtain the following:
−253750 − 5250b + 7000l + 1750m + 3500s = 0.
Furthermore, we note the following restrictions on l, m, s, b, and c from Table 1 :
Additionally, l, m, s, b, and c must be chosen such that m 1 , m 2 , m 3 , and m 4 are all greater than or equal to zero. Since the determinant of the coefficient matrix in (9) is zero, the coefficient matrix is singular. Using the following theorem from linear algebra, we will solve for the general asset allocation model. Theorem 1. If A is a singular matrix of size n such that at least one entry in the kth row of A has a nonzero cofactor, then a complete solution of Am = 0 is given by
. . . In order to complete your analysis, you investigate and determine that the expense ratios for each of the new mutual funds differ. You discover that the four new mutual funds, M1, M2, M3, and M4, have expense ratios of 1.5%, 2.0%, 1.75%, and 2.5%, respectively. Based on the asset allocation that you have chosen for your new director, you decide to determine the total amount paid for management fees. The total cost (TC) due to management fees is simply the sum of the costs associated with your recommended positions in the four new mutual funds and can be computed as follows: TC = (0.015)($10/sh)(5000sh) + (0.02)($10/sh)(12500sh) + (0.0175)($10/sh)(7500sh) + (0.025)($10/sh)(10000sh) = $7062.50. (13) The equivalent expense ratio for your recommended allocation is computed as $7062.50/ $350,000 or 2.018%.
In an attempt to lower this expense ratio, and hence costs due to management fees, you decide to investigate changing your recommended asset allocation. You do some background checking on the four mutual fund managers and decide to maintain your current positions in M2 and M3, based on the excellent reputations of the fund managers. Since the expense ratio of mutual fund M1 is less than that of M4, you decide to recommend no allocation in M4. Your current allocation of 12,500 shares in M2 and 7500 shares in M3 leaves $150,000 to be invested in M1, resulting in 15,000 shares of M1 to be purchased. The new total cost due to management fees for this newly recommended allocation is computed, as above, to be $6062.50, which results in a new equivalent expense ratio of 1.732%.
Finally, based on your newly recommended allocation, you decide to compute the final percentage of large-, medium-, and small-capitalization stocks, as well as bonds. In order to do so, you must solve the general asset allocation model shown in Note that the above analysis is for the specific case of choosing from among five different asset allocations in four distinct mutual funds. The mathematics used in solving this problem can be generalized, however, to the case of r mutual funds and p allocation percentages, provided, of course, that r = p−1 to ensure that the coefficient matrix, A, remains a square matrix for purposes of computing its determinant. The general case of r mutual funds and p allocation percentages where r = p − 1 can still be solved, however, using classical Gaussian elimination techniques.
Summary.
Concepts from a typical undergraduate linear algebra course provide very powerful tools in studying asset allocation. Both a particular asset allocation model and a general asset allocation model can be created using elementary matrix algebra theory. Using the general asset allocation model, one is able to investigate a wide range of investment scenarios and make prudent investment decisions based on historical performances and professional management fees.
